We have studied the phase singularity of the relativistic vortex beams for the two sets of relativistic operators. One includes the new spin and orbital angular momentum (OAM) operators, which is derived from the parity-extended Poincaré group , and the other is composed of the (usual) Dirac spin and OAM operators. The new spin and OAM operators become the Foldy-Woutheysen (FW) spin and OAM operators when they act on the Dirac particle, e.g. electron. The first set predicts the same singular circulation for the electron vortex beams as in the nonrelativistic case. On the other hand, the second set anticipates that the singularity of the circulation is spin-dependent and so can be disappeared for the spin-polarized paraxial beam with spin parallel to the moving direction of the beam. This implies that the question of which set of operators are proper set of relativistic observables, since the discovery of the Dirac equation, can be answered by the relativistic electron beam experiment using spin-polarized electrons for the first time.
I. INTRODUCTION
Nonrelativistic electron vortex beams carrying orbital angular momentum (OAM) have recently been studied and well-understood using paraxial approximation of the Schrödinger equation [1] [2] [3] [4] [5] [6] . The wavefunction of nonrelativistic electron vortex include a phase singularity factor, e ilφ , where φ is the azimuthal angle around the axis of the vortex, it can carry orbital angular momentum of l in which l is an integer known as the topological charge [1] . As the energy of electron vortex beams reached the relativistic regime with energy 200 ∼ 300 keV [1, 2, 7, 8] , the validity of the interpretation in the experiment of vortex with high energy electrons as relativistic electron vortex is questioned [9] [10] [11] [12] .
To understand relativistic electrons, one should use the Dirac equation [14] , which successfully describes relativistic electrons, instead of the Schrödinger equation. However, in the usual Dirac theory, spin angular momentum and orbital angular momentum of an electron are not separately conserved as in the Schrödinger theory. Bialynicki-Birula et al. proved the assertion that any acceptable solutions of the Dirac equation cannot be the eigenstates of OAM using the (usual) Dirac OAM and showed that the vortex lines continuously smeared out into all over the space for their exponential solutions, which become the standard vortex wavefunction in the nonrelativistic limit [10] . This raised the fundamental question, whether a relativistic vortex can be generated from high energy electron beams, because of the absence of the well-defined orbital angular momentum (OAM). In contrast, Barnett [11] showed that the relativistic electron vortices with well-defined OAM and phase singularity do really exist using the so-called Foldy-Woutheysen (FW) representation [15] and the vortex charge is related to the eigenvalues of OAM as the case for nonrelativistic vortices. Barnett used separately conserved spin-like and OAM-like observables that are the FW spin and FW OAM in the original representation [11] .
The opposing results of Bialynicki-Birula et al. and Barnett in [10, 11] was originated from the usage of different spin and OAM operators as relativistic operators, which were indicated by Bliokh et al. [13] . Bialynicki-Birula et al. used the usual Dirac spin and OAM operators but Barnet used the FW spin and FW OAM operators. To obtain a proper relativistic spin operator for massive spin 1/2 particles has been a long-standing problem from the beginning of relativistic quantum mechanics [15] [16] [17] [18] [19] [20] [21] [22] [23] . Theoretically, the problem of determining a proper spin operator may be solved most naturally by using the space-time symmetry. Wigner showed that an elementary spin 1/2 (Dirac) particle is a unitary representation of the 3 + 1 dimensional Poincaré group [24] . He used the SU (2) little group to represent spin index, however, not determined the explicit form of the spin operator itself. Recently, two of us, i.e., Choi and Cho [25] rigorously derived the spin operator for the Dirac field that transforms covariantly under the Lorentz transformation, we call this spin operator the new spin operator to distinguish it from the other spin operators such as the Dirac and the FW spin operators. The new spin operator is shown to be the generators of the SU (2) little group of the Poincaré group and admit the representation of the Poincaré group extended by the parity (space inversion) in which the Dirac spinor resides. Also, the Lorentz boost represented by the new spin operator can provide the representation of the parity operator that derives the covariant Dirac equation.
Therefore, the new spin operator representing the parity-extended Poincaré group is promising as a proper relativistic spin operator at least theoretically. The new spin operator can be defined as a particle spin and an antiparticle spin operator according to the action of that spin on the particle state and the antiparticle state, respectively. The particle spin operator was shown to be equal to the FW spin operator [25] . Hence the conflicting results of two recent works in [10, 11] motivated us to ask whether the proper spin and its corresponding OAM operators can be experimentally determined by using relativistic vortex beam. We study the two sets of operators, one is the new spin and OAM operators and the other is the Dirac spin and OAM operators, which are the only two spin operators derived from the partity-extended Poincaré group, i.e., the space-time symmetry [25] . The analysis will be based on the local Laguerre-Gauss [11] spinor wave packets of Dirac electrons in the FW representation that is suitable expression of experimental relativistic electron beam.
II. DIRAC SPIN AND ORBITAL ANGULAR MOMENTUM
We will briefly review the original Dirac theory [14] for the study of the relativistic vortex. As was shown by Dirac [14] , the total angular momentum that is the sum of the Dirac spin
and the corresponding OAM, we call the Dirac OAM, r D × p, is constant of motion under the following Dirac Hamiltonian
where r D is the Dirac position operator, which is the canonical operator represented by i∇ p , α · p = α k p k for k = {x, y, z}, and σ k are Pauli matrices. We use Einstein summation convention, in which the repeated indices are summed over. The Dirac matrices are
in the standard representation [14] . We use natural unit = c = 1. However, the Dirac spin and the Dirac OAM are not separately conserved. The commutation relations of the angular momentum and the Dirac Hamiltonian become
The commutator of the Dirac OAM and the Dirac Hamiltonian in eq. (4b) is not zero because the Dirac velocity operator i[H D , r D ] = α is not proportional to the momentum p. This suggests that the existence of the Zitterbewegung [26, 27] , which is a fast trembling motion first observed by Schrödinger, is closely related to the non-conservation of the Dirac OAM. It is known that the trembling motion of the Dirac particles will not appear when there is no interference between positive and negative energy states. Hence it will be instructive to calculate the expectation values of the Dirac orbital angular momentum either for the positive or the negative energy state.
The Dirac Hamiltonian (2) gives the following well-known four solutions:
Here u 1,2 (p) are two positive energy spinors with energy eigenvalue +E = p · p + m 2 and u 3,4 (p) are two negative energy spinors with energy eigenvalue −E. The eigenspinors satisfy the orthogonality
where µ,ν = {1, 2, 3, 4}, u µ † (p) is the Hermitian conjugate of u µ (p), and δ µν is the Kronecker-delta. The expectation value of the Dirac velocity operator α either for the positive or the negative energy eigenspinor becomes
for arbitrary j, k ∈ {1, 2} and m, n ∈ {3, 4}. As a result, the expectation values of the Dirac OAM either for the positive or the negative energy eigenspinor are
Note that the scalar products of spinors with the same positive-energy E but different momentum do not satisfy the orthogonal condition, i.e.,
This implies that there are interferences between the states with different eigenspinors with different momentum. This fact will give nontrivial results for the Dirac velocity in the relativistic vortex solution.
III. NEW SPIN AND CORRESPONDING ORBITAL ANGULAR MOMENTUM
Recently we have derived the covariant spin operator of the parity-extended Poincaré group whose representation corresponds to a free massive elementary field with spin s [25] . The representation space of the parity-extended Poincaré group for free massive spin 1/2 fields is the direct sum (1/2, 0) ⊕ (0, 1/2) space in which the usual Dirac particle and antiparticle spinors reside.
The new spin operator is originally represented by the generators of the Poincaré group, however, to compare the differences between the new spin and the Dirac spin explicitly, it is convenient to express the new spin operator in the direct sum (1/2, 0) ⊕ (0, 1/2) representation space by using the Dirac spin operator as follows [25] 
where γ 5 = 0 I I 0 is the Dirac gamma matrix in the standard representation [28] and I is the 2-dimensional identity matrix. We use the upper case P for a momentum operator and the lower case p for the eigenvalue of a momentum operator. There were derived the following two fundamental dynamical equations for free massive spin 1/2 particle and antiparticle from the property of parity operation [25] (γ
where ψ P (p µ ) and ψ AP (p µ ) are particle and antiparticle spinors, respectively, and p µ = (E, p). These two eqs. (12a) and (12b) are the same as the two covariant Dirac equations for particle and antiparticle spinors, where the Dirac gamma matrices are
in the standard representation [28] . There are two positive energy and two negative energy solutions for each eqs. (12a) and (12b). Among those 8 solutions, the two particle eigenspinors are the same as u 1,2 (p) in eq. (5) that are the positive-energy solutions of the H D and the two antiparticle eigenspinors are the following two negative energy solutions of Eq. (12b) as [28] 
which are not the negative energy eigenstates
, and v 2 (p) are Lorentz boosted ones from the rest spinors as
where e γ 5 Σ·ζ/2 is the Lorentz boost with rapidity ζ = 2p tanh (11) can also be expressed by using the following relations [25] 
Then it is easily seen that the four spinors u 1,2 (p) and v 1,2 (p) are also eigenstates of the new spin S k N with the same eigenvalues of the rest spin Σ k /2. However, the S k N is not a good observable because it is not Hermitian as seen in eq. (11). This does not mean that the S k N is not a proper spin operator. In fact, the S k N becomes Hermitian particle spin operators S k P and antiparticle spin operator S k AP as it acts on the particle states u 1,2 (p) and the antiparticle states v 1,2 (p), respectively [25] , i.e.,
Here
and so the particle spin S k P is the FW spin operator shown in Ref. [15, 20] . It has been shown that the S k N gives Noether's conserved spin angular momentum [25] . The conservation of the spin can also be checked by using the commutator between spin and Hamiltonian. Since the antiparticle spinors v 1,2 (p) satisfy the different covariant equation (12b) from eq. (12a) of the u 1,2 (p), the Hamiltonian for the v 1,2 (p) is also different from the original Dirac Hamiltonian, which becomes [28] 
Then one can easily check
Therefore there are OAMs commuting with the Hamiltonians H D andH D corresponding to the particle spin S k P and the antiparticle spin S k AP , respectively. On the other hand, the Dirac OAM does not commute with both H D and H D .
To obtain the commuting OAMs with H D andH D , it is needed to define the new position operator R N in the momentum representation corresponding to the new spin operator as [29] R N = e k ] = iδ jk for j, k ∈ {x, y, z}. The new position operator acted on the particle and the antiparticle states becomes the following Hermitian particle and antiparticle position operator, respectively,
and
similar to the new spin operator S k N . The velocity operators for the particle and the antiparticle are determined by
The particle and antiparticle spinors u 1,2 (p) and v 1,2 (p) are eigenstates of the above velocity operators with the eigenvalue p k /E and −p k /E, respectively, because v 1,2 (p) have the negative energy eigenvalue −E. This shows that there is no Zitterbewegung for the new position operator, therefore, the particle and the antiparticle OAMs defined by R P/AP × p are conserved by itself. This is guaranteed by
where ǫ klm is the Levi-Civita symbol with ǫ 123 = 1.
IV. EXISTENCE OF SINGULAR RELATIVISTIC VORTICES
In nonrelativistic case free electron vortex states (with phase singularity) carry a well-defined OAM, which requires the conservation of the OAM [1, 2, 30] . It is expected that the conserved OAM is also essential for the existence of the relativistic electron (Dirac particle) vortices. As was studied in the previous sections, the Zitterbewegung of the Dirac position operator makes the Dirac OAM not conserved as seen in eq. (4b), on the other hand, the particle position operator shows no Zitterbewegung and as a result gives the conserved particle OAM in eq. (25a). Therefore, the eigenstates of the particle OAM operator would compose the eigenstates of the particle Hamiltonian with a welldefined particle OAM like those of the nonrelativistic case, but the eigenstates of the Dirac OAM cannot. This raises the question "Whether the existence of the singular relativistic vortex could be a probe to proper spin and position operators in experiment?". We call this question 'Which-operator-question'. To answer the 'Which-operator-question', an exact solution for the relativistic beams is needed.
Let us first consider the particle spin and the particle OAM, which admit the vortex solutions with well-defined OAM. We assume the relativistic beam to be paraxial, which propagates mainly along z-direction, i.e., |p z | ≫ |p x |, |p y |. The vortex solutions expressed by the eigenstates of the particle OAM can be most easily studied in the FW representation for electrons, because the particle position and the particle OAM operators are represented by the usual canonical form in the FW representation as
with P = −i∇ in eq. (19) , where
, and φ is the azimuthal angle of the cylindrical coordinate (ρ, φ, z) in the FW representation.
The FW transformations of the state ψ(x) and the Dirac Hamiltonian H D in the original representation are given by
where ψ(x) is the eigenstate of the Dirac Hamiltonian with eigenvalue E. The FW transformation of the state in eq. (27a) is different from the FW transformation of the state in other studies [11, 15, 20] by the normalization factor m/E, which reflects that 
do not depend on the reference frame. The eigenspinors u are the eigenspinors in the moving frame with momentum p not in the rest frame. Note that the FW representation is equivalent to the original representation only for the specific momentum p, i.e., not covariant under the Lorentz boost.
In the FW representation we should consider the vortex solutions for the FW Hamiltonian H F W in eq. (27b). Barnett [11] showed that the expansion of the FW Hamiltonian for relativistic electrons gives the paraxial wave equation, whose solution has a phase factor e ilφ with the eigenvalue l of the canonical OAM in the FW representation. Therefore, the vortex solution in the cylindrical coordinate (ρ, φ, z) has the form [31] 
where x = (t, x), t is time and |a| 2 + |b| 2 = 1. We consider the solution ψ F W (x) mono-energetic with the energy E for simplicity. Then it is enough to analyze only the spatial dependence of the ψ F W (x), i.e.,
where x = (ρ, φ, z).
One should be careful to calculate the expectation values in the FW representation in order to maintain the physical equivalence between the original and the FW representations for the superposition states with different momentum, because the FW representation is not covariant under the Lorentz boost that changes the momentum of the particle. The expectation value of the operator O at x in the original representation given by
is not simply the same as
i∇). The right expression in the FW representation is (Appendix A)
where ← − ∇ operates on ψ † F W (x) to the left, which is clearly not the same as eq. (32). The normalized expectation value of O is divided by the probability amplitude ψ † (x)ψ(x) that is also not the same as ψ † F W (x)ψ F W (x) (Appendix A). The velocity operator corresponding to the canonical position operator of eq. (26a) in the FW representation becomes
This v F W transforms to the following particle velocity operator v obtained from the particle position operator in the original representation,
Therefore the expectation value of the particle velocity operator at x, we call the particle velocity at x, is written as
To calculate further, we use the following local Laguerre-Gauss (LG) solution of the paraxial equation in Ref. [11] with the form
where p 0 ≈ p z , N is a normalization constant, w(z) is the beam width, and z 0 = (p 0 w (0) 2 )/2 [1, 11] . In the paraxial approximation the state varies only gradually along the z-axis and
whereψ F W (x) = e −ip0z ψ F W (x), hence the z dependence of the solution can be considered solely by e ip0z , i.e., the w(z) can be replaced by w(0) ≡ w. We are interested in the singular behavior of the relativistic wave solutions for ρ → 0, hence the region of ρ < w/ √ 2 will be considered, however, the ρ should be greater than 1/m, the Compton wavelength, because one particle theory is not valid in the region less than the Compton wavelength in which the pair production is inevitable. Then we call the region of the vortex solution determined by
in our study the physical vortex region for simplicity. In the physical vortex region, the following approximations are obtained
for the associated Laguerre polynomial
where d 0 (l) is the function of l and d n is constant. The physical velocity is defined in the original representation so that we should use ψ(x), which is the superposition of the Dirac OAM l and l − 1 states from the inverse FW transformation of eq. (27a). In the physical vortex region the denominator of the velocity in eq. (36) becomes simply as (Appendix A)
The
Therefore the particle velocity at x becomes
which represents the singular vortex motion along the z-axis. This implies that the relativistic vortex solution interpreted by the particle velocity and the particle OAM supports the singular vortex like the nonrelativistic vortex with the following circulation
where C is an arbitrary closed path around the z-axis.
Next we study the singularity of the vortex solutions in eq. (37) by using the Dirac position and the Dirac OAM. The Dirac velocity at x is obtained as (Appendix B)
where ∓ corresponds to positive and negative l, respectively. Here
becomes approximately equal to (Appendix C)
for paraxial condition |p z | ≫ |p x |, |p y |, which can also be expected from the eigenspinors in eq. (5). Then the Dirac velocity at x in eq. (46) shows very interesting properties, which becomes singular or zero depending on the expectation value of the z-component of the Dirac spin, i.e., the Dirac spin orientation [32] . The circulation for the Dirac velocity also shows
The spin-dependent singular form of the Dirac velocity is distinct from the singularity of the particle velocity in eq. (44). The spin seemed to have little effects in the study of relativistic electron vortex beam [33, 34] . This implies that the particle velocity is more probable to describe the physical velocity than the Dirac velocity. However, to answer 'Which-operator-question' experimentally in a clear manner the spin dependence of the Dirac velocity and circulation should be used in experiment. The suitable experimental setup is to use spin-polarized electron beams along the vortex axis, i.e., z-axis. In this setup, the Dirac velocity predict no rotational current but the particle velocity anticipate singular rotational current. Therefore the experimental exploration of the vortex in this setup could give a clear answer for the proper relativistic observables, i.e., position, spin, and OAM. This also could answer whether the Zitterbewegung is a real physical effect or not. This conclusion is readily applied also to the relativistic proton vortices for the new operators using the parallel logic.
V. CONCLUSION
We have studied the singularity of relativistic electron vortex beams using two different sets of relativistic operators. The first includes the particle position, spin, and OAM operators that admit well-defined OAM l for the vortex solution in the FW representation. The particle operators predict the singularity in the circulation of the relativistic LaguerreGauss vortex solution, which is equal to 2πl/m of the Schrödinger nonrelativistic vortex. The second is composed of the usual Dirac position, spin, and OAM operators by which the spin-dependent singularity of the same vortex solution is anticipated.
The different predictions of two different sets of operators for the singularity of the Laguerre-Gauss vortex solution can be used as an experimental test to probe a proper set of relativistic observables. That is, for the paraxial electron beam with the spin along the propagating axis, the Dirac operators predict no singularity and no vortex like motion, but the particle operators do anticipate the singular vortex. Therefore, the relativistic electron vortex beam experiment could answer which operators are the proper relativistic observables for the first time. 
Then the states in the FW representation are
Hence the expectation value of the operator O at x in the original representation becomes
. Next let us calculate the probability density at x:
where we use the fact that the expectation values of the odd terms, which have no diagonal elements, for ψ F W (p) become zero. The ψ † (x)ψ(x) for Laguerre-Gauss (LG) solution in eq. (37) approximately becomes
for Σ φ = − sin φΣ 1 + cos φΣ 2 with paraxial condition and inside the physical region. The second term in the last line becomes greater than the first when the ρ satisfies
i.e., less than the Compton wavelength. Therefore, the final expression becomes
B. The particle velocity and the Dirac velocity Let us calculate the numerator of the particle velocity operator: 
= (E + m)
The x-component of the above term for the LG solution becomes −i dpdp ′ e −ip
The x-component of the above term (for l > 0) becomes 
